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Modifications of gravity generated by a multiplicative coupling of a scalar field to the electromag-
netic Lagrangian lead to a breaking of Einstein equivalence principle (EEPB) as well as to variations
of fundamental constants. In these theoretical frameworks, deviations of standard values of the fine
structure constant, ∆α/α = φ, and of the cosmic distance duality relation, DL(1+z)
−2/DA = η = 1,
whereDL and DA are the luminosity and angular diameter distances, respectively, are unequivocally
linked. In this paper, we search for cosmological signatures of the EEPB by using angular diameter
distance from galaxy clusters, obtained via their Sunyaev-Zeldovich effect (SZE) and X-ray obser-
vations, and distance modulus of type Ia supernovae (SNe Ia). The crucial point here is that we
take into account the dependence of the SZE/X-ray technique with φ and η. Our new results show
no indication of the EEPB.
PACS numbers: 98.80.-k, 95.36.+x, 98.80.Es
I. INTRODUCTION
The so-called reciprocity relation, proved long ago by
Etherington (1933, 2007), is a fundamental result for ob-
servational cosmology and its most useful version in the
astronomical context, known as cosmic distance duality
relation (CDDR), is defined by
DL
DA
(1 + z)−2 = η = 1 (1)
which relates the luminosity distance DL with the angu-
lar diameter distance DA on the same redshift z. This
equation is completely general, only requires that source
and observer are connected by null geodesics in a Rieman-
nian spacetime and that the number of photons is con-
served (Ellis, 2007). Recently, Hees, Minazzoli & Larena
(2014) investigated cosmological signatures of modifica-
tions of gravity generated by a multiplicative coupling of
a scalar field to the electromagnetic Lagrangian. These
authors showed, via the geometric optics approxima-
tion, that in these frameworks photons propagate on null
geodesics, but their number is not conserved, violating
the Eq. (1). Moreover, this kind of coupling leads to
variations of the fine structure constant α, ∆α/α = φ,
that is intimately and unequivocally linked to violations
of the CDDR, η 6= 1, by φ(z) = η2(z). In this con-
text, there are many hypothetical alternative theories
of gravity such as: the low energy action of string the-
ories (Damour & Polyakov 1994; Gasperini, Piazza &
Veneziano 2001; Minazolli 2014), in the context of ax-
ions (Peccei & Quinn (1977); Dine, Fischler & Srednicki
(1981); Kaplan (1985)), of generalized chameleons (Brax
et al. 2004; Brax, van de Bruck & Davis 2007; Ahlers
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et al. 2008), in Kaluza-Klein theories with additional
compactified dimensions (Overduin & Wesson 1997; Fu-
jii & Maeda 2003), in the Bekentein-Sandvik-Barrow-
Magueijo theory of varying α ( Bekenstein 1992; Sandvik,
Barrow & Magueijo 2002; Barrow & Lip 2012; Barrow
& Graham 2013), in extended f(R,Lm) gravity (Harko,
Lobo & Minazzoli 2013) or in the context of the pressuron
theory (Minazzoli & Hees 2013). This class of extensions
of the general relativity leads to an Einstein Equivalence
Principle breaking (EEPB) in the electromagnetic sector.
By using different astronomical quantities, several pa-
pers have tested the CDDR relation in the last years:
SNe Ia plus H(z) data (Avgoustidis et al. 2009, 2010;
Holanda, Carvalho & Alcaniz 2013; Liao, Avgoustidis
& Li 2015), gas mass fractions of galaxy clusters and
SNe Ia (Gonc¸alves, Holanda & Alcaniz 2012; Holanda,
Gonc¸alves & Alcaniz 2012), gamma-ray burst plus H(z)
(Holanda & Busti 2014), SNe Ia plus barion acoustic os-
cillations (BAO) (Puxun et al. 2015), cosmic microwave
background radiation (Ellis et al. 2013), gas mass frac-
tion plus H(z) data (Santos-da-Costa, Busti & Holanda
2015), SNe Ia plus cosmic microwave background (CMB)
and BAO (Lazkoz et al. 2008), gravitational lensing plus
SNe Ia (Holanda, Busti & Alcaniz 2016; Liao et al. 2015).
As a result, the validity of the CDDR was verified at least
within 2σ (see table in Holanda, Busti & Alcaniz 2016).
On the other hand, some other tests used the angular
diameter distance (ADD) of galaxy clusters via Sunyaev-
Zeldovich effect (SZE) (Sunyaev & Zeldovich 1972) and
X-ray observations (see, for instance, Uzan et al. 2004,
Holanda, Lima & Ribeiro 2010; Holanda, Lima & Ribeiro
2012; Li et al. 2011; Nair, Sanjay & Deepak 2011; Yang
et al. 2013). However, it was shown very recently that
the SZE/X-ray technique for measuring ADD of galaxy
clusters depends on not only of the CDDR validity, but
also on the fine structure constant, α (Holanda et al.
2016a, 2016b). If α(z) = α0φ(z), where α0 is the current
value, the SZE and X-ray measurements do not give the
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FIG. 1: (a) Luminosity distance of the Union2 SNe Ia Sample as a function of redshift. (b) Angular diameter distance
measurements as a function of redshift from De Filippis et al. (2005) sample. The red points are the luminosity distances in
each galaxy cluster obtained by taking the weighted average of the SNe Ia observational quantities.
true ADD but DdataA = φ(z)η
2DA (other papers consid-
ered only DdataA = η
2DA). In this way, in the framework
proposed by Hees, Minazzoli & Larena (2014), the tests
of CDDR involving the SZE/X-ray technique have ques-
tionable estimates of η(z).
In this paper, by considering the large class of theo-
ries proposed by Hees, Minazzoli & Larena (2014), we
search for deviations of EEP by putting limits on the
η(z) parameter via SNe Ia and ADD of galaxy clusters
obtained via the SZE/X-ray technique by taking into ac-
count the dependence of the SZE/X-ray technique with
φ and η. In order to test the Eq. (1) it is necessary SNe
Ia and galaxy clusters with identical redshifts. In this
way, we consider the SNe Ia Union2 compilation (Aman-
ullah et al. 2010) and the 25 ADD of galaxy clusters
compiled by De Filippis et al. (2005) as follows: for each
galaxy cluster, we select SNe Ia with redshifts obeying
the criteria |zcluster − zSNe| ≤ 0.005, resulting in 25 SNe
Ia sub-samples which matched this criterion. Then, we
take the weighted average of the SNe Ia observational
quantities in each sub-sample to perform our analyses.
Moreover, since the Union2 compilation provides the dis-
tance modulus of SNe Ia, which has a dependence on a
cosmological model, and their original and cosmological
model-independent data, we perform our analyses by us-
ing these two quantities.
The paper is organized as follows. In Section 2, we
briefly describe the SNe Ia data (Amanullah et al. 2010)
and the ADD data (De Filippis et al. 2005). In Section 3,
we describe the methods used in our analyses. In section
4, we perform the analyses. Finally, the discussions and
conclusions are given in Section 5.
II. SAMPLES
- The full SNe Ia sample is formed by 557 SNe Ia
data compiled by Amanullah et al. (2010), the so-called
Union2 compilation. Besides adding 250 SNe Ia in the
Union compilation (Kowalsi et al. 2008), Amanullah and
co-workes (2010) refined the Union analysis refitting all
light curves with the SALT2 fitter (Guy et al. 2007).
However, in this fitter the distance modulus of SNe Ia
sample depend on cosmological model (usually ωCDM)
and the Hubble constant. So, we consider two methods in
our analyses: Method (I) we use the cosmological model-
dependent distance modulus of SNe Ia and method (II)
we use their µ(α, β,MB) = m
max
B −MB + αx− βc mea-
surements, wheremmaxB is the rest-frame peak magnitude
of B bands, x is stretch factor, describing the effects of
shapes of light curves, and c is color parameter, repre-
senting the influences of the intrinsic color and redden-
ing by dust on µ(α, β,MB). These three parameters are
cosmological model independent since they are obtained
by fitting the light curves of SNe Ia.
- The second sample is formed by the 25 ADD of
galaxy clusters from the De Filippis et al. (2005). Mo-
tivated by the images from Chandra and XMM-Newton
telescopes, which show a elliptical surface brightness of
galaxy clusters, these authors used an isothermal ellipti-
cal β model to describe the galaxy clusters. The ADD
were derived for two sub-samples discussed in the litera-
ture where a spherical β model was assumed. The first
one, compiled by Reese et al. (2002), is a selection of 18
galaxy clusters.The second sub-sample of Mason et al.
(2001) has 7 clusters from the X-ray limited flux sample
of Ebeling et al. (1996). The galaxy clusters are dis-
tributed over the redshift interval 0.023 ≤ z ≤ 0.784. It
is worth mentioning that in the Hees, Minazzoli & Larena
(2014) framework, the SZE observations are also affected
by variations of α and η due to a change in the law of
evolution of the CMB, such as, TCMB(z) = T0(1+z)
1+ς ,
where T0 is the current value. However, the frequency
used to obtain the SZE signal in galaxy clusters sample
of De Filippis et al. (2005) was 30 GHz, in this band the
effect on the SZE from a variation of TCMB is completely
3negligible (F. Melchiorri and O. Melchiorri 2005; Saro et
al. 2014).
In Fig. (1a) we plot the Union2 sample. In Fig. (1b)
we plot the De Filippis et al. (2005) sample.
III. SAMPLES
A. Methods and Analyses
The estimates of the η0 parameter are obtained from
two methods, namely:
- Method I: we consider the 25 ADD of galaxy clus-
ters from De Filippis et al. (2005) sample and, for each
i-galaxy cluster, we obtain one distance modulus, µ¯, and
its error, σ2µ¯, from all i-SNe Ia with |zclusteri − zSNei | ≤
0.0051 by calculating the following weighted average
(Meng et al. 2012):
µ¯ =
∑
(µi/σ2µi)∑
1/σ2µi
,
σ2µ¯ =
1∑
1/σ2µi
.
(2)
On the other hand, as discussed by Holanda et al.
(2016b), for modifications of gravity via the presence of a
scalar field with a multiplicative coupling to the electro-
magnetic Lagrangian, the SZE and X-ray measurements
do not give the true distance, but DdataA = η
4(z)DA.
Moreover, as argued by Holanda, Lima & Ribeiro (2010),
if one wants test the CDDR by usingDL(1+z)
−2D−1A = η
and galaxy clusters observations, the angular diameter
distance DA(z) must be replaced by DA(z) = η
−4DdataA
(η−2 in their case, since variations of α were not consid-
ered). In this way, we have access to
DL
(1 + z)2DdataA (z)
= η−3(z). (3)
By using the equation above, we define the distance mod-
ulus of a galaxy cluster data as
µcluster(η, z) = 5 lg[η
−3(z)DdataA (z)(1 + z)
2] + 25. (4)
We evaluate our statistical analysis by defining the like-
lihood distribution function, Lα exp(−χ−2/2), where
1 This criterion allows us to have some SNe Ia for each galaxy
cluster and so we can perform a weighted average with them
in order to minimize the scatter observed on the Hubble dia-
gram (see fig. 1a). Moreover, if one considers that we live in
an universe close to the cosmic concordance model, the criteria
∆z ≤ 0.005 implies an error on the distances lower than 5% for
z ≥ 0.1, therefore, the bias on our results from this criterion are
contemplated in galaxy clusters errors.
χ2 =
25∑
i=1
(µ¯(zi)− µcluster(η, zi))
2
σ2obs
, (5)
with σ2obs = σ
2
µ¯ + σ
2
µcluster . The sources of statisti-
cal uncertainty in the error bars of D dataA (z) are: SZE
point sources ±8%, X-ray background ±2%, Galactic
NH ≤ ±1%, ±8% kinetic SZ and for CMB anisotropy
≤ ±2%. We have added in quadrature the following
systematic errors: SZ calibration ±8%, X-ray flux cal-
ibration ±5%, radio halos +3% and X-ray temperature
calibration ±7.5%. Following Amanullah et al. (2010)
we added a 0.15 systematic error to SNe Ia data.
- Method II: consists of using the very same SNe Ia
of the method I, but now considering their raw data,
i.e., their mmaxB , x and c measurements from the func-
tion µ(α, β,MB) = m
max
B − MB + αx − βc. In this
way, by using the Eq. (2), we obtain: µ¯(α, β,MB) =
m¯maxB −MB +αx¯− βc¯. Here, our main aim is to explore
how much the cosmological model adopted in distance
modulus influences the results. For this case, the likeli-
hood estimator is written as
χ2(α, β,MB , η)
=
25∑
i=1
[
µ¯(α, β,MB; zi)− µcluster(η; zi)
]2
σ2
total
(zi)
, (6)
where the uncertainty σ2
total
(zi) is given by
σ2total(z) = σ
2
m¯(z)+α
2σ2x¯(z)+β
2σ2c¯ (z)+
[ 5
ln 10
·
δDdata
A
(z)
DdataA
]2
,
(7)
where σm¯, σx¯, σc¯, and δDA are the errors of m¯
max
B ,
x¯, c¯, and DclusterA respectively. We adopt an iterative
method to calculate the likelihood for η0 with step size
0.01 for all parameters. We use the following flat pri-
ors for the parameters: η0 = [−2.0, 2.0], α = [−0.6, 0.6],
β = U [−1.0, 10.0] and MB = U [−21,−18].
In both methods, in order to search deviations of EEP
we consider the following functions to η(z) (Holanda,
Lima & Ribeiro 2010): η(z) = 1 + η0z (P1) and η(z) =
1 + η0z/(1 + z) (P2). The first expression is a continu-
ous and smooth one-parameter linear expansion, whereas
the second one includes a possible epoch-dependent cor-
rection, which avoids the divergence at extremely high-z.
Naturally, these functions deforming the CDDR retrieve
the equality between the distances for z = 0, since in
this case there is no cosmic expansion, i. e., the space is
Euclidean. Moreover, as one may see, if the likelihood of
η0 to peak at η0 = 0 the EEP is satisfied.
The results from the method I are plotted in Fig. (2a).
The red solid line and the dashed black line are from the
functions P1 and P2, respectively. The constraints on
η0 parameter are, respectively: η0 = 0.069 ± 0.106 and
η0 = 0.097± 0.152 at 1σ c.l.. As one may see the results
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FIG. 2: Likelihoods of the η0 parameter. In figures (a) and (b) we display the results from method (I) and (II). In both figures,
the red solid lines and the dashed black lines are for the functions P1 and P2, respectively. In our analyses, we have added in
quadrature the statistical and systematic errors in galaxy clusters data. Following Amanullah et al. (2010) we added a 0.15
systematic error to SNe Ia data.
are completely equivalent and they show no violation of
the CDDR or, equivalently, no indication of EEPB.
We plot in Fig. (2b) the results from the method
II. Again, the red solid line and the dashed black line
are from the functions P1 and P2, respectively. The
constraints on η0 parameter are, respectively: η0 =
−0.00 ± 0.135 and η0 = −0.03 ± 0.20 at 1σ c.l.. In-
terestingly , the likelihoods from Method I are slightly
displaced to the right, but still compatible with η0 = 0
at 1 σ c.l..
We can compare our results with previous works that
used the De Filippis et al. (2005) and Union2 sam-
ples to test the CDDR regardless possible variations on
α. For instance, for (P1) and (P2) functions, respec-
tively: Li, Wu & Yu (2011) found η0 = −0.07 ± 0.19
andη0 = −0.11 ± 0.26; Meng et al. (2012) found η0 =
−0.047±0.178-η0 = −0.083±0.246. These results should
be compared only with those ones from our method I. As
one may see, their values are less restrictive and slightly
different of our results.
IV. CONCLUSIONS
As it shown recently, modifications of gravity occurring
via the presence of a scalar field with a multiplicative
coupling to the electromagnetic Lagrangian lead to an
explicit Einstein Equivalence Principle breaking (EEPB).
In this theoretical framework, variations of the fine struc-
ture constant, φ = ∆α/α, and violations of the distance
duality, η 6= 1 (see Eq. 1), are unequivocally linked by
φ(z) = η2(z) (Hees, Minazzoli & Lorena 2014). In this
paper, we have shown that angular diameter distance of
galaxy clusters based on their Sunyaev-Zeldovich effect
and X-ray surface brightness observations, DdataA , can be
used to search for cosmological signature of the EEPB.
As argued by Holanda et al. (2016b), current DdataA of
galaxy clusters do not give the true distance DA, but
DdataA = DAφ(z)η
2(z). In this way, by assuming the
relation φ(z) = η2(z) valid in Hees, Minazzoli & Lorena
2014 framework, the quantity DdataA = DAη
4(z) was used
jointly with SNe Ia observations to search for deviations
of standard values of α and η.
We have searched the EEPB by using two well-known
functions to η(z), such as, η(z) = 1+η0z (P1) and η(z) =
1+η0z/(1+z) (P2). The observational quantities consid-
ered were: 25 DdataA from De Filippis et al. (2005) and 25
SNe Ia sub-samples from Union2 compilation (Amanul-
lah et al. 2010), where each sub-sample contains SNe Ia
with |zcluster − zSNe| ≤ 0.005. We have used two meth-
ods: in the method I we have considered the weighted
average of the cosmological model depend distance mod-
ulus of the SNe Ia in each sub-sample and in the method
II, the weighted average of the the original data of the
SNe Ia , i.e., their µ(α, β,MB) = m
max
B −MB + αx− βc
measurements, which are cosmological model indepen-
dent. Our results have shown no indication of violation
of the EEP, with the likelihoods peaked close to η0 = 0
at 1σ c.l. for all methods.
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